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Abstract
We give a complete invariant, called global scheme, of topological conjugacy classes of gradient-like
di#eomorphisms, on compact 3-manifolds. Conversely, we can realize any abstract global scheme by such a
di#eomorphism.
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0. Introduction
Let X be a Morse–Smale vector eld on a closed connected 3-manifold M , without periodic orbits.
The existence of ltrations allows to construct a compact surface S embedded in M transversally to
X and cutting M into two pretzels (handle bodies) M1 and M2, that is S realizes a Heegard splitting
of M . Moreover, M1 contains all the repelling singularities and the stable manifolds of the saddles
with Morse index (dimension of the unstable manifold) equal to 2, and M2 contains all the unstable
manifolds of the saddles with Morse index equal to 1 and the attracting singularities. Considering each
saddle point, its two-dimensional invariant manifold cuts S transversally into exactly one embedded
circle. Thus, there exist two families Cu and Cs of circles on S, corresponding to the unstable and
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stable two-dimensional invariant manifolds, such that in each family the circles are pairwise disjoint
and the intersections between the stable and unstable circles are transverse. In [7], Fleitas shows that
the surface S endowed with the two families of circles Cu and Cs is a complete invariant of X , up
to topological equivalence.
On the other hand, given a triplet (S;Cu ;Cs), one can verify (see [7]) that it corresponds to a
vector eld X if and only if each component of S \⋃∈Cu  and each component of S \⋃∈Cu  has
genus 0 (i.e. is a planar surface).
Finally, if the stable circles are disjoint from the unstable circles, one veries that M is either S3
or the connected sum of (k − l + 2)=2 copies of S2 × S1, where k is the total number of saddles
of X and l is the number of attracting or repelling orbits of X . Moreover, S realizes the Heegard
splitting of the smallest genus of M , that is g(S) = (k − l+ 2)=2.
In this paper, we generalize these results to any orientation preserving gradient-like di>eomorphism
f on a (connected) closed 3-manifold M . Let us recall that, according to [10], a gradient-like
di>eomorphism is a Morse–Smale di#eomorphism without heteroclinic intersections corresponding
to periodic points of the same Morse index. 1 In other words, such a di#eomorphism may have
heteroclinic curves but no isolated heteroclinic points.
Using ltrations, we associate to f its global scheme Sf = (Vf; f; uf; 
s
f) which is a connected
closed 3-manifold Vf endowed with a cohomology class f ∈H 1(Vf;Z) (which is equivalent to
giving an innite cyclic covering) and two transverse families s and u such that each family
consists in disjoint embedded tori or Klein bottles in Vf.
Let us explain the meaning of the global scheme of f when f is the time-one map of a vector
eld X , with corresponding triplet (S; Cs; Cu) (as dened above). In this case, Vf = S × S1, the
components of s and u are the product by S1 of the components of Cs and Cu, respectively, and
 is the homomorphism from 1(Vf) to Z= 1(S1) given by the projection on the S1-factor.
As in the context of vector elds, we show in Theorem 2 that the global scheme of f is a complete
invariant of f, up to topological conjugacy. In the same way, we get a simple characterization of all
4-tuple (V; ; u ; s) which are global schemes of gradient-like di#eomorphisms (see Theorem 1).
Moreover, like in the case of vector elds, when the families s and u are disjoint, we have
shown in [3] that the ambient manifold M has to be S3 or the connected sum of (k − l + 2)=2
copies of S2 × S1, where k is the total number of saddles of f and l is the number of attracting or
repelling orbits of f. However, to the contrary to the vector elds situation, the ltration that we
use may not correspond to the Heegard splitting with minimal genus. More precisely, Theorem 1
can be used to build pathological examples, for example di#eomorphisms on the sphere S3 for which
there is no Heegard splitting of minimal genus S3 = M1 ∪ M2 (i.e Mi is a ball B3) such that M1
contains all the repelling orbits and the (one-dimensional) stable manifolds of the saddles with a
Morse index equal to 2, and M2 contains the (one-dimensional) unstable manifolds of the saddles
with Morse index equal to 1 and the attracting orbits.
1 For a general Morse–Smale di#eomorphism, the Smale order between periodic orbits (s1 ¡s2 ⇔ W u(s1)∩W s(s2) = ∅)
may have sequences s1 ¡s2 ¡ · · ·¡sk of arbitrary length k. For gradient-like di#eomorphism the Morse index is strictly
decreasing along such a sequence, so that k ¡dim(M). This hypothesis always holds for Morse–Smale vector elds
without regular periodic orbits (which are called gradient like vector ?elds): if s1 and s2 are two hyperbolic zeros such
that W u(s1) ∩W s(s2) = ∅, then the Morse index of s1 is strictly bigger that the one of s2.
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1. Statement of the results
1.1. Schemes: de?nitions and the cut and squeeze operation
Denition 1.1. A scheme is a sextuple S= (V; ; s; u ;Cs;Cu) where
1. V is an oriented closed 3-manifold, (called the underlying manifold of S);
2. ∈H 1(V;Z) is a non-trivial cohomology class, that is a homomorphism  : 1(V )→ Z;
3. s and u are families of disjoint submanifolds of V , such that
(a) each element of u is transverse to each element of s;
(b) any ∈u ∪ s is di#eomorphic to a torus or a Klein bottle and (1()) = {0};
4. Cs and Cu are disjoint families of circles embedded in V , such that any c∈Cu ∪ Cs does not
intersect the tori or Klein bottles in u ∪ s and veries (c) = {0}.
In almost all this paper, we will consider schemes S whose families Cs and Cu are empty, so
that we will write for short S = (V; ; s; u). In order to distinguish the nite sets u and s to
the union of their elements, we denote
u =
⋃
∈u
 and s =
⋃
∈s
:
Both sets are contained in V .
Denition 1.2. We say that two schemes (V1; 1; s1; 
u
1 ;C
s
1;C
u
1) and (V2; 2; 
s
2; 
u
2 ;C
s
2;C
u
2) are equiv-
alent if there is a homeomorphism h :V1 → V2 such that h∗(1) = 2, and h sends each family
s1; 
u
1 ;C
s
1;C
u
1 of submanifolds of V1 onto the corresponding family of V2.
Remark 1.3. If two schemes are equivalent through a homeomorphism, then they are equivalent
through a di#eomorphism.
For each component ∈u ∪s the fundamental group 1() admits a system of generators (a; b)
such that (a) is a positive generator of (1()) ⊂ Z and (b) = 0.
Let ∈u, and let KV be the compact 3-manifold with boundary obtained by cutting V along
, and denote by K the induced cohomology class. The boundary is composed of one or two tori,
according to whether  is a Klein bottle or a torus, respectively. Moreover, the system of generators
(a; b) of  (as above) induces on each component of @ KV a system of generators, (a2; b) or (a; b),
respectively, and K(b) = 0. We denote by V˜ the closed 3-manifold obtained by gluing a solid torus
along each component of @ KV such that the meridian of the solid torus corresponds to b (note that
this construction is independent from the choice of the di#eomorphism used to glue the solid torus,
keeping in mind that the image of the meridian has to be b). By denition, we say that V˜ is the
manifold obtained from V by cutting and squeezing along .
Given a subfamily u0 ⊂ u, the successive cut-and-squeeze operations along each element of u0
does not depend, up to di#eomorphism, on the choice of the order of these operations. We denote
by O(V; u0) the resulting compact manifold.
372 C. Bonatti et al. / Topology 43 (2004) 369–391
The same operation can be dened along subfamilies of s, and we will use the same notation
as above.
Denition 1.4. A scheme S= (V; ; s; u ;Cs;Cu) is a perfect scheme if
1. the families Cu and Cs are empty,
2. V is connected,
3. each connected component of the manifold O(V; u) is di#eomorphic to S2 × S1,
4. each connected component of the manifold O(V; s) is di#eomorphic to S2 × S1.
1.2. The global scheme of a di>eomorphism
Proposition 1.5. Let f :M → M be an orientation preserving gradient-like di>eomorphism of a
connected, closed oriented 3-manifold M.
There exist a perfect scheme associated to f.
Denition 1.6. The scheme associated to f is called the global scheme of f and is denoted by
Sf = (Vf; f; uf; 
s
f).
Proof.
• The underlying manifold Vf: Let R denote the set of repelling periodic orbits, A the set of
attracting periodic orbits, S = S1 ∪ S2 the set of saddle periodic orbits with S1 denoting all the
saddles with one-dimensional unstable manifolds (Morse index equal to 1) and S2 denoting all
the saddles with two-dimensional unstable manifolds (Morse index equal to 2).
Lemma 1.7. There exists a compact submanifold N (with boundary) of M of dimension 3,
satisfying
◦ f(N ) ⊂ Int(N ),
◦ ⋂n¿0 fn(N ) = A ∪⋃s∈S1 W u(s),
◦ ⋂n¿0 f−n(N ′) = R ∪⋃s∈S2 W s(s) where N ′ is the closure of M \ N .
Proof. If we number the elements of $(f) by starting by the elements of R, followed by the
elements of S2, then by the elements of S1 and nally by the elements of A, then this ordering is
decreasing regarding Smale order. This fact implies the existence of a ltration and N is one of
the submanifolds given by this ltration.
For any saddle orbit s∈ S1, W u(s) is a disjoint union of arcs whose ends are in A and for
any s∈ S2, W s(s) is a disjoint union of arcs whose ends are in R. Therefore, the sets W1 = A ∪⋃
s∈S1 W
u(s) and W2=R∪
⋃
s∈S2 W
s(s) are union of compact arcs and the manifold M˜=M\(W1∪W2)
is connected.
Lemma 1.8. The quotient space M˜ =f of M˜ by the action of f is a compact connected manifold
without boundary.
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Proof. By denition of M˜ , the set N \ f(N ) is a fundamental domain of the restriction of f to
M˜ . Then N \ Int(f(N )) is a compact connected manifold whose boundary is @N ∪ f(@N ). We
conclude that V is homeomorphic to N \ Int(f(N )) with identication of @N and f(@N ) and thus
V is a closed manifold. It is connected since M˜ is connected.
We set Vf = M˜ =f.
• The cohomology class: the projection  : M˜ → Vf is a covering map and the set of covering
automorphisms is the set {fn; n∈Z}.
It corresponds an automorphism fn to each homotopy class [c] of 1(Vf), given by a lift of c
to M˜ . We set ([c]) = n. The mapping [c] → ([c]) is a homomorphism on 1(Vf) with values
in Z, that is ∈H 1(Vf;Z). Notice that the projection of an arc in M˜ joining a point x to fk(x)
is a closed arc c in Vf such that ([c]) = k.
We set f = .
• The tori and Klein bottles: consider a saddle orbit s∈ S2 with period per(s). Then W u(s) \ {s} is
contained in M˜ and is homeomorphic to a collection of cylinders. It follows that the projection of
W u(s) \ {s} into Vf is a torus if the restriction of fper(s) to W u(s) preserves the orientation or a
Klein bottle if the restriction of fper(s) to W u(s) reverses the orientation. Then, u(s)=(W u(s) \
{s}) is naturally embedded into Vf. Moreover, since there exists a path in W u(s) \ {s} joining x
to fper(s)(x), we have (1(u(s))) = per(s)Z. We denote by u the set of all projections u(s)
for s∈ S2: it is a collection of disjoint tori and Klein bottles.
In the same way, for a saddle orbit s∈ S1, the projection s(s) of W s(s) \ {s} into Vf gives a
torus or a Klein bottle embedded in Vf. We denote by s the set of all projections s(s) for s∈ S1:
it is a collection of disjoint tori and Klein bottles. As f is gradient-like, and in particular it is
Morse–Smale, all intersections between stable and unstable manifolds are transverse intersections,
so that the families u and s are transverse.
We set uf = 
u, sf = 
s.
We can easily check that the collection (Vf; f; uf; 
s
f) is a scheme.
1.3. Statement of the main results
In this paper, we aim at proving the two following results:
• Characterization of global schemes of gradient-like di#eomorphisms:
Theorem 1. A scheme S is the global scheme of an orientation preserving gradient-like di>eo-
morphism of a connected closed three-manifold if and only if S is perfect.
• The global scheme is a complete topological invariant:
Theorem 2. Let f :M → M and g :N → N be two orientation preserving gradient-like di>eo-
morphisms. Then f and g are topologically conjugated if and only if their global schemes Sf
and Sg are equivalent.
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2. Building Morse–Smale di+eomorphisms realizing a perfect scheme
Let S=(V; ; s; u ;Cs;Cu) be a perfect scheme. The cohomology class  denes a cyclic covering
 :V → V , that is a regular covering of V whose automorphism group is Z. More precisely, there
exists a di#eomorphism f :V → V: for any [c]∈ 1(V ) the automorphism of  associated to [c]
is f(c) .
Let ∈u ∪ s and let n() be the integer dened by (1()) = n()Z. Then −1 () is union
of n() disjoint properly embedded cylinders in V. By construction, this collection of cylinders is
invariant by f and f induces a cyclic permutation on the components.
We want to show that (V; f) can be completed into a compact manifold M endowed with a
Morse–Smale di#eomorphism f, such that −1 (), for all ∈u or ∈s, are the punctured unstable
or stable (respectively) manifolds of the saddle orbits of f.
2.1. Linear models of f in the neighborhood of the cylinders −1()
For any ∈u ∪ s, let N () denote a tubular neighborhood of . Choose a collection {N ();
∈u ∪s} such that N ()∩N (′)= ∅ whenever  and ′ both belong to u or both belong to s.
First assume that ∈u ∪ s is a torus. Then −1 (N ()) is di#eomorphic to n() copies of
[− 1; 1]× S1 × R, permuted by f and fn() is a translation on the R-coordinate. Strictly writing,
there is a di#eomorphism h : −1 (N ())→ [− 1; 1]× S1×R×Z=n()Z conjugating f to the map
)n() : (r; s; t; i) → (r; s; t + 1; i + 1).
Suppose  is a Klein bottle. Then −1 (N ()) is di#eomorphic to n() copies of [−1; 1]×S1×R,
permuted by f and f
n()
 is a symmetry in the [− 1; 1]-coordinates composed with a symmetry in
the S1-coordinates and a translation on the R-coordinate. Strictly writing, there is a di#eomorphism
h : −1 (N ())→ [− 1; 1]× S1 × R× Z=n()Z conjugating f to the map  n() : (r; s; t; i) → (+r; +s;
t + 1; i + 1), where +=−1 if i = n()− 1 and += 1 otherwise.
Let Lu be the linear map given by
Lu(x; y; z) =
(
1
2 x; 2y; 2z
)
:
Denote by Luk the map on R3 × Z=kZ dened by
(u; i) → Luk (u; i) = (Lu(u); i + 1):
The domain {(x; y; z)∈R3; x2 · (y2 + z2)6 1} is invariant by Lu.
Let W = {(x; y; z)∈R3; y2 + z2 = 0 and x2 · (y2 + z2)6 1}.
On the domain W ×Z=kZ the map Luk is conjugated (by an orientation preserving di#eomorphism
hk) to the map )k .
Let Lu;− be the linear map given by
Lu;−(x; y; z) =
(− 12 x;−2y; 2z)
and denote by Lu;−k the map on R3 × Z=kZ dened by
(u; i) → (Lu(u); i + 1) if i = k − 1;
(u; k − 1) → (Lu;−(u); 0):
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Once again, the restriction of Lu;−k on W ×Z=kZ is conjugated (by an orientation preserving di#eo-
morphism h−k ) to the map  k .
If ∈u is a torus, then H = h−1n() ◦ h is a di#eomorphism from −1 (N ()) to W × Z=n()Z
conjugating f to Lun(). In the same way, if ∈u is a Klein bottle, then H = (h−n())−1 ◦ h is a
di#eomorphism from −1 (N ()) to W × Z=n()Z conjugating f to Lu;−n() .
For ∈s we dene in the same way the map H dened on −1 (N ()) conjugating f to
Lsn() = (L
u
n())
−1 or Ls;−n() = (L
u;−
n())
−1 according to whether  is a torus or a Klein bottle.
2.2. Attaching the saddles
For any ∈u ∪s we denote V= {(x; y; z)∈R3; x2 · (y2 + z2)6 1}×Z=n()Z and f :V → V
the di#eomorphism dened by f =Lun(); L
u;−
n(); L
s
n() or L
s−
n() according to whether  belongs to 
s
or u and  is a torus or a Klein bottle.
We will glue the neighborhoods V to the manifold V, along the lifts −1 (N ()) of the tubular
neighborhoods of the tori and Klein bottles, by using the di#eomorphisms H. For this purpose, rst
consider the disjoint union VˆS=V ∪
∐
∈s∪u V. Let ∼ be the equivalence relation dened on VˆS
and generated by x ∼ H(x).
Lemma 2.1. The quotient space VS = VˆS=∼ is a Hausdor> smooth manifold. Moreover, there is
a di>eomorphism fS :VS → VS inducing f on V and inducing f on V.
Proof. The di#erentiable structure of VS follows directly from the construction: VS results from
gluing smooth manifolds by di#eomorphisms. The existence of the di#erentiable map fS extending
the maps f and f is also straightforward because we glue these manifolds along invariant sets
using di#eomorphisms which conjugate the corresponding dynamics.
The unique non-trivial statement is that VS is Hausdor#. Recall that the quotient space of a
Hausdor# space X by an equivalence relation is Hausdor# if and only if the graph of the relation
(that is the set of pairs of identied points) is a closed subset of X ×X . In other words, we have to
prove that if (xn)n∈N and (yn)n∈N are sequences of points of VˆS converging to points x∈ VˆS and
y∈ VˆS, respectively, such that xn ∼ yn, then x ∼ y.
Up to considering subsequences, we can assume that (xn) is included in one connected component
of VˆS, and the same for (yn). It is clear that two points x and y in manifolds V and V0 where 
and 0 are both in u (or both in s) are equivalent if and only if they are equal. It follows that,
for any x = y in VˆS such that x ∼ y, we have the following possibilities, up to exchanging the role
of x and y:
1. x∈V and y = H(x) for some ∈u ∪ s,
2. x∈V for some ∈s and y = H0 ◦ H−1 (x) for some 0∈u.
Let us consider the rst case: (xn) → x∈V and (yn) = H(xn) → y∈V. In particular (xn) ⊂
−1 (N ()). As −1 (N ()) is closed we get that x∈ −1 (N ()). By continuity of H, one gets that
(yn) converges to H(x) and so, x ∼ y.
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Consider the second case: (xn)→ x∈V , ∈s, and yn =H0 ◦H−1 (x), for some 0∈u. Denote
zn =H−1 (xn). Notice that zn ∈ −1 (N ())∩−1 (N (0)). If (zn) has an accumulation point z, then the
rst case above shows that x = H(z) and y = H0(z) and so, x ∼ y. By contradiction, assume that
the sequence (zn) has no accumulation points, that is, x does not belong to the domain of H−1 . It
means that x belongs to the one dimensional unstable manifold of the xed point of the linear map
f, and the points xn are not (by denition) on this unstable manifold. Then, up to considering a
subsequence, there is a sequence mn ∈N going to +∞ such that f−mn (xn) converges to some point
Kx of the stable manifold of the periodic orbit of f, and Kx not periodic. So Kx belongs to the domain
of denition of H−1 . Then, Kz=H−1 ( Kx) is the limit of f−mn (zn). As −1 (N ())∪−1 (N (0)) is closed,
we get that Kz belongs to −1 (N (0)), and we can dene Ky=H0( Kz), and Ky= limn→+∞ f−mn0 (yn). Let
us denote Kyn =f−mn0 (yn). The point Ky does not belong to the (one-dimensional) stable manifold of
f0 (because 0∈u by hypothesis). Using the fact that mn → +∞, we deduce that the sequence
yn = fmn( Kyn) has no accumulation point in V0 contradicting the hypothesis that (yn) → y. This
contradiction shows that the sequence (zn) admits some accumulation point z and so, x ∼ y.
We say that the manifold VS is obtained from V by attaching saddle orbits to all −1 (),
∈u ∪ s.
2.3. Realization of a perfect scheme
The following proposition implies the “if ” part of Theorem 1.
Proposition 2.2. There is a smooth closed manifold M and an embedding of VS in M such that
M \VS is a ?nite set and the di>eomorphism fS extends to M into a Morse–Smale di>eomorphism
(also called fS) such that each point of M \ VS belongs to a repelling or attracting orbit.
Finally, the global scheme of fS is equivalent to S.
The main step to prove Proposition 2.2 is the following lemma.
Lemma 2.3. Denote by S the saddle orbits of fS. Then the quotient by fS of VS \
⋃
s∈S W
s(s)
is a closed manifold di>eomorphic to the manifold O(V; s).
Proof. Notice that when we remove a one-dimensional stable manifold of a saddle s (corresponding
to an element  in u), we do the inverse operation of attaching a saddle to −1 ().
The quotient space of {(x; y; z)∈R3; x2 · (y2 + z2)6 1}×Z=kZ \W s((0; 0; 0))×Z=kZ by the map
)sk is di#eomorphic to the union of two disjoint solid tori, whereas the quotient of the same space
by the map  sk is di#eomorphic to one solid torus. Moreover, the image of the subset {(x; 0; 0)∈R3}
is di#eomorphic to the core of the solid tori.
Consider any ∈s. The homeomorphism H induces a homeomorphism KH between N ()\ and
the complement of the core of the solid tori {(x; y; z)∈R3; x2 ·(y2+z2)6 1}×Z=kZ\W s((0; 0; 0))×
Z=kZ=)sn() (if  is a Klein bottle, we replace L
s
n() by L
s;−
n()).
So we get that the quotient by fS of VS \
⋃
s∈S W
s(s) is obtained from V \ s by identifying
N () \  to the complement of the core of one or two solid tori (according to whether  is a Klein
bottle or a torus, respectively) using the homeomorphism KH. Notice that any longitude in the solid
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torus correspond to a path joining a point p to (Lsn())
n()(p), which is identied by H to a path
joining H(p) to f
n()
 (H(p)). So the image by KH of any longitude c veries that (H(c))=n().
It follows that the image of a meridian of the boundary of the solid torus belongs to the kernel of
 so that the operation of cutting along  and attaching one (or two) solid torus (tori) is exactly the
cut-and-squeeze operation.
In the same way, the quotient by fS of VS \
⋃
s∈S W
u(s) is a closed manifold di#eomorphic to
the manifold O(VS; u).
Since, by hypothesis the scheme S is perfect, we get:
Corollary 2.4. VS\
⋃
s∈S W
s(s) and VS\
⋃
s∈S W
u(s) are di>eomorphic to a disjoint union of copies
of S2 × R. Moreover, fS induces a permutation of the components and the ?rst return map on
one component in conjugated to the translation (p; t) → (p; t + 1).
Let us denote by 1u (respectively 1s) the orbits of the components of VS \
⋃
s∈S W
u(s) (respec-
tively VS \
⋃
s∈S W
s(s)). Let 2∈1u; we can nd a di#eomorphism gu2 : 2 → (R3 \ {0}) × Z=kZ
which conjugates the restriction of fS to 2 to the restriction to (R3 \ {0}) × Z=kZ of the map
Rk : (x; y; z; i) → (2x; 2y; 2z; i + 1). In the same way, we dene for an element 2∈1s a conjugacy
gs2 : 2 → (R3 \ {0})× Z=kZ between fS and the map Ak : (x; y; z; i) →
(
1
2 x;
1
2 y;
1
2 z; i + 1
)
.
Lemma 2.5. Consider the equivalence relation G generated by {gu2 ; 2∈1u}∪{gs2; 2∈1s}. For each
2∈1u ∪ 1s, denote by k(2) the number of connected components of 2. We call M the quotient
space by G of the manifold
VS 
∐
∈u
(
k()∐
i=1
R3
)

∐
∈s
(
k()∐
i=1
R3
)
:
Then the space M is a Hausdor> di>erentiable manifold.
Proof. We have to prove that the graph of the equivalence relation is closed and as a consequence,
M is a Hausdor# space. The fact that M is a di#erentiable manifold follows from the fact that the
gs2 and g
u
2 are di#eomorphisms.
This graph is composed of couple of points of the following kind:
• (x; gs2(x)) or (gs2(x); x) for x∈VS \
⋃
s∈S W
s(s),
• (x; gu2(x)) or (gu2(x); x) for x∈VS \
⋃
s∈S W
u(s),
• (gu21(x); gs22(x)) or (gs22(x); gu21(x)) for x∈VS \
⋃
s∈S(W
u(s) ∪W s(s)).
Let us rst consider a sequence (xn; yn)∈M , such that yn = gs(xn)∈R3 and converging to some
(x; y), where x∈VS and y∈R3.
If y = 0 = (0; 0; 0)∈R3 then x ∈ ⋃s∈S W s(s), and the continuity of (gs)−1 implies that (xn)
converges to (gs)
−1(y) so that (x; y) belongs to the graph. The same occurs if x∈VS \
⋃
W u(s).
Assume now that y=0 and x∈W s(s) for some saddle s∈ S. The local dynamics around s implies
that for each xn there exists a sequence of integers (kn)¿ 0 tending to innity such that f
kn
S (xn)
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converges to a given point Kx∈W u(s) and W u(s) belongs to 1s. On the one hand, by continuity of
gs, the sequence g
s
(f
nk (xn)) converges to gs( Kx). On the other hand, since g
s
 is a conjugacy between
fS and A, we have that gs(f
nk (xn)) =Akn(yn); but limn→∞Akn(yn) = 0: there is a contradiction.
It remains to consider a sequence (yn; zn) such that yn = gu21(xn)∈R3 and zn = gs22(xn)∈R3 with
xn ∈VS \
⋃
s∈S(W
u(s) ∪W s(s)). We assume that (yn) converges to some y∈R3 and (zn) to some
z ∈R3. If y = 0 and z = 0, then (xn) converges to some x∈VS \
⋃
s∈S(W
u(s) ∪W s(s)) and then
(y; z) = (gu21(x); g
s
22(x)) belongs to the graph.
It remains the case when y= 0 or z = 0 and we assume that y= 0. As 0 is a repelling point for
Rk there is a positive sequence (kn) going to +∞ such that y˜ n =Rknk (yn) converges to some point
y˜ = 0. Then x˜n = fnkS (xn) converges to some point x˜∈VS \
⋃
s∈S W
u(s).
If x˜ belongs to VS \
⋃
s∈S W
s(s) then z˜n =A
nk
l (zn)= g
s
22(x˜n) converges to z˜= g
s
22(x˜) = 0. As (nk)
goes to +∞ the sequence (zn) =A−nkl (z˜n) goes to the innity of R3 (that is has no accumulation
point) contradicting the existence of z.
Therefore, x˜ belongs to W s(s) for some s∈ S. Then there is a sequence lk ¿ 0 such that (up
to considering a subsequence) flkS(x˜n) converges some point Kx∈W u(s) \ s. Then Kzn =Ank+lkl (zn) =
gs22(f
lk
S(x˜n)) converges to Kz = g
s
22( Kx) = 0. Once again, as nk + lk goes to +∞, the sequence zn =
A−nkl (z˜n) goes to the innity of R3 (that is has no accumulation point), contradicting the existence
of z.
Lemma 2.6. The manifold M is compact.
Proof. First notice that, for any sequence (xn) ⊂ VS, there is a sequence (kn) ⊂ Z such that (up
to considering a subsequence) the sequence of points yn = f
kn
S (xn) converges to a point y in VS.
In e#ect, this is true in V (since f can be used to bring back (xn) into the same (compact)
fundamental domain) and in each saddles’ neighborhoods attached to V. Therefore, if the sequence
(kn) contains innitely many bounded terms, then (xn) has an accumulation point in VS. Now,
assume that (kn) goes to +∞. Then, if y∈VS \
⋃
s∈S W
u(s) then y belongs to some 2∈1u and the
sequence of points f−nkS (yn) converges to the repelling orbit corresponding to 2.
Assume now that y∈W u(s) for some s∈ S. If there are innitely many n for which yn ∈W u(s),
then s is an accumulation point of the sequence (xn). In the other case, there is a sequence (ln)
converging to +∞ for which (up to considering a subsequence) the sequence of points zn=f−lnS (yn)
converge to some point z ∈W s(s) \ s. Then if kn − ln is upper bounded then the behavior of fS in
the neighborhood of the saddle s implies that the sequence (xn) has an accumulation point in W s(s).
In the other case, zn =fkn−ln(xn) with kn− ln → +∞ so that we can apply the argument of the rst
paragraph after changing y by z, and we get that (xn) converges to an attracting point.
End of the proof of Proposition 2.2. Lemmas 2.5 and 2.6 imply that M is a closed manifold. The
di#eomorphism fS induces on M a di#eomorphism dened out of a nite set and extends continu-
ously onto this set. We always denote by fS the induced homeomorphism of M . In the neighborhood
of these points, fS coincides with the linear maps Ak or Rl, so that it is a local di#eomorphism.
We get that fS induces a di#eomorphism of M and by construction this di#eomorphism is a Morse–
Smale di#eomorphism without any heteroclinic orbit corresponding to periodic orbits of same index,
that is fS is a gradient like di#eomorphism. To nish the proof it remains to verify that S is the
global scheme of fS.
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Denote by A and R the set of attracting and repelling point of fS in M , and denote S = S1 ∪ S2
where Si is the set of saddles whose unstable manifold has dimension i (Morse index equal to i).
Notice that
M \
(
A ∪
⋃
s∈S1
W u(s) ∪ R ∪
⋃
s∈S2
W s(s)
)
= V:
The restriction of fS to this set is f and the two-dimensional stable and unstable manifolds of
the saddles are the lifts of the components of s and u, respectively. Then the quotient by fS of
M \ (A ∪⋃0∈41 W u(0) ∪ R ∪⋃0∈42 W s(0)) is V . As the covering automorphism group is generated
by f, we get that the cohomology class is precisely  and then we get that the global scheme is
precisely S.
2.4. Cut-and-squeeze operation on the global scheme of a di>eomorphism
The aim of this section is the end of the proof of Theorem 1: it remains to prove that the global
scheme S=(V; ; s; u) of an orientation preserving gradient-like di#eomorphism f of a 3-manifold
M is a perfect scheme.
In other words we need to prove:
Proposition 2.7. Any connected component of O(VS; s) or O(VS; u) is di>eomorphic to
S2 × S1.
Proof. Consider S the set of saddle periodic orbits of f, Si, i= 1; 2 the set of saddle orbits having
an i-dimensional unstable manifold, A the set of attracting periodic orbits (sinks) and R the set of
repelling orbits (sources).
The orbit of a point x∈M , if it is not a repelling orbit, converges in the future either to a saddle
orbit or to an attracting periodic orbit. In terms of sets, it reads
M \
(
R ∪
⋃
s∈S
W s(s)
)
=
∐
!∈A
W s(!):
Let, for !∈A, V! = (W s(!) \ !)=f. Then, the quotient by f of M \
(
A ∪ R ∪⋃s∈S W s(s)) is the
disjoint union
∐
!∈A V!. It was shown in [1] that, since f preserves the orientation, the set V! is
di#eomorphic to S2 × S1. Then, we conclude the proof by the following lemma.
Lemma 2.8.
∐
!∈A V! is di>eomorphic to O(VS; 
s).
Proof. Let s∈ S1; by hypothesis on f, W u(s) does not intersect W s(s˜) neither when s˜∈ S2, since f
is Morse–Smale, nor when s˜∈ S1, since f has no heteroclinic intersections corresponding to periodic
points of the same index.
Then, W u(s) \ s ⊂ M \ (A ∪ R ∪⋃s˜∈S W s(s˜)).
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The quotient space (W u(s) \ s)=f is then contained inside
∐
!∈A V!. It consists in 2per(s) or
per(s) embedded circles, according to whether fper(s) preserves or reverses the orientation of the
two-dimensional stable manifold of s.
Let Cu be the union of all the circles in
∐
!∈A V! obtained by projecting the punctured one-
dimensional unstable manifolds of saddle orbits.
Let x˜ be a point in
∐
!∈A V! \ Cu. This point lifts in M \
(
A ∪ R ∪⋃s˜∈S W s(s˜)) to an orbit
orb(x˜) which does not belong to any one-dimensional unstable manifold of a saddle orbit. We can
equivalently put it in the following words: orb(x˜) does not belong to A∪R, nor to any one-dimensional
invariant manifold of a saddle, nor to any two-dimensional unstable manifold of a saddle.
If we recall that
M \
(
A ∪
⋃
s∈S1
W u(s) ∪ R ∪
⋃
s∈S2
W s(s)
)
= V;
it is clear then that orb(x˜) ⊂ V and orb(x˜) ∈
⋃
s∈S2 W
u(s).
Since V projects onto V , and any punctured two-dimensional unstable manifold projects onto a
torus or a Klein bottle ∈u, we have shown that∐
!∈A
V! \ Cu = V \ u :
It follows that
∐
!∈A V! is obtained from V by cutting along the torus or Klein bottle ∈u
and attaching a solid torus (tubular neighborhood of the circles c∈Cu) to each component of the
boundary.
To nish the proof of the lemma it remains to verify that the meridian of the tubular neighborhood
of a circle c corresponds to a path on the torus  on which  vanishes. For that, it is enough to
remark that a meridian 7 of the boundary of a tubular neighborhood of a circle c∈Cu bounds, by
denition, a disk in this neighborhood. It implies that 7 has a lift 7˜ in M which is a closed path
(and not an arc joining a point to one of its iterates by f). As a consequence,  vanishes on its
projection in V .
3. Proof of Theorem 2: the global scheme is a complete invariant
Let f :M → M and f′ :M ′ → M ′ be two orientation preserving gradient-like di#eomorphisms
of compact oriented 3-manifolds M and M ′. Assume that their global scheme S = (V; ; s; u)
and S′ = (V ′; ′; ′s; ′u) are equivalent, that is, there is a di#eomorphism ’ :V → V ′ such that
′ = ’∗(), ′s = ’(s) and ′u = ’(u). Let us restate Theorem 2.
Theorem. There is an orientation preserving homeomorphism ) :M → M ′ conjugating f to f′.
The proof of this theorem follows from the techniques used by Palis in [9] for the proof of
the structural stability of Morse–Smale di#eomorphisms, and more precisely from the existence of
compatible invariant foliations.
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3.1. Invariant foliations
Let S1 and S2 be the sets of saddle periodic orbits of the di#eomorphism f whose unstable
manifolds have dimensions 1 and 2, respectively. Following [9]:
• there are open sets U s and U u which are f-invariant neighborhoods of S1 and S2, respectively,
• U s is endowed with a two-dimensional f-invariant foliation F˜s and the union of the stable
two-dimensional invariant manifolds of the orbits in S1, W s(S1), is a nite union of leaves of F˜s;
• Each leaf of F˜s cuts transversally the union of the one-dimensional unstable manifolds of the
orbits in S1, W u(S1), and the intersection is reduced to exactly one point;
• U u is endowed with a two-dimensional f-invariant foliation F˜u and the union of the unstable
two-dimensional invariant manifolds of the orbits in S2, W u(S2), is a nite union of leaves of F˜u;
• Each leaf of F˜u cuts transversally the union of the one-dimensional stable manifolds of the orbit
in S2, W s(S2), and the intersection is reduced to exactly one point;
• the foliations F˜s and F˜u are transverse to each others inside U s ∩ U u.
Consider the global scheme S=(V; ; s; u) of f. Then, F˜s and F˜u induce in V foliations Fs
and Fu dened on neighborhoods N s and N u of s and u, respectively. Moreover, the elements
(torus or Klein bottle) of s and u are leaves of Fs and Fu, respectively, and the foliations Fs
and Fu are transverse to each others inside N s ∩ N u.
In the same way, there exist foliations F′s and F′u dened on neighborhoods N ′s and N ′u of
′s and ′u in V ′. These foliations are the quotient by f′ of f′-invariant foliations dened on
f′-invariant neighborhoods of the saddles of f′.
The main step of the proof of Theorem 2 is the following.
Proposition 3.1. For any neighborhood U of s∪u there is a homeomorphism ’1 :V → V ′ having
the following properties:
1. ’1 realizes the equivalence between the schemes S and S′,
2. ’1 agrees with ’ out of U,
3. The foliation ’1∗(Fs) agrees with F′
s in a neighborhood of ′s,
4. The foliation ’1∗(Fu) agrees with F′
u in a neighborhood of ′u.
Before proving the proposition, let us show that it implies Theorem 2.
Proof of Theorem 2. As ’1∗() = ′, the homeomorphism ’1 admits a lift )1 :V → V ′′ (where V
and V ′′ are the cyclic covering of V and V ′ corresponding to  and ′, respectively). Remember
that by construction, V is the complement in M of the closure of the one-dimensional invariant
manifolds of the saddles, that is
V =M \
(
A ∪ R ∪
⋃
s∈S1
W u(s) ∪
⋃
s∈S2
W s(s)
)
Moreover, the restriction of f to V is the positive generator of the automorphisms group of the cyclic
covering V → V . In the same way, f′ induces on V ′′ the positive generator of the automorphisms
group of the cyclic covering V ′′ → V ′.
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Once more, as ’1∗()=′, the homeomorphism )1 has to conjugate the positive generators of the
automorphisms group on the corresponding cyclic covering spaces. In other words, )1 conjugates
the restrictions f|V and f′|V ′′ .
Let Os and O′s be compact neighborhoods of s and ′s (respectively) on which ’1 conjugates
the foliations Fs and F′s. Let U s1 and U
s
1′ denote the lifts of O
s and O′s to M and M ′. Then
U s2 = U
s
1 ∪
⋃
s∈S1 W
u(s) is an f-invariant neighborhood of S1. We dene in the same way the
f′-invariant neighborhood U s2′ = U
s
1′ ∪
⋃
s′∈S′1 W
u(s′).
Notice that )1 conjugates the restriction of the foliations F˜s and F˜′
s
to U s1 and U
s
1′ . We extend
)1 on
⋃
s∈S1 W
u(s) as follows: each point x∈⋃s∈S1 W u(s) belongs to exactly one leaf Lx of the
restriction of F˜s to U s2′ . Then, )1(Lx) is contained in a leaf of the restriction of F˜′
s
to U s2′ . This
leaf cuts
⋃
s′∈S′1 W
u(s′) in a unique point which we set by denition )1(x). One easily veries
that this extension is continuous and so is a homeomorphism )2 :M \
(
A ∪ R ∪⋃s∈S2 W s(s)) →
M ′ \ (A′ ∪ R′ ∪⋃s′∈S′2 W s(s′)), conjugating the corresponding restrictions of f and f′.
One extends in the same way )2 on
⋃
s∈S2 W
s(s): )2 conjugates the foliations F˜u and F˜′u in
neighborhoods of
⋃
s∈S2 W
s(s) and
⋃
s′∈S′2 W
s(s′) respectively. To each point x∈⋃s∈S2 W s(s), we
associate the unique intersection point of
⋃
s′∈S′2 W
s(s′) with the leaf of F˜′u image by )2 of the leaf
of F˜u passing through x. This process denes a homeomorphism )3 :M \ (A∪ R)→ M ′ \ (A′ ∪ R′)
conjugating the corresponding restrictions of f and f′.
Finally, )3 extends in a unique way to a homeomorphism M → M ′.
To nish the proof of Theorem 2, it only remains to prove Proposition 3.1.
3.2. Proof of Proposition 3.1
The main tools in the proof of Proposition 3.1 are the holonomies of the foliations Fs and Fu.
Proposition 3.2. Consider ∈s (resp. ∈u) and some segment 0 : [ − 1; 1] → V cutting 
transversally and in a unique point x0 = 0(0). There is a di>eomorphism hol : 0 → 0 for which
x0 is the unique ?xed point, and which is a strict contraction (resp. dilatation) such that for any
[c]∈ 1(; x0) the germ of holonomy of Fs associated to [c] is the germ at x0 of hol([c]) . Moreover
hol([c]) preserves or reverses the orientation according to if  is a torus or a Klein bottle.
This proposition is almost identical to [4, Lemma 3.3] and the proof is identical.
In what follows, we x a family { 0; ∈s ∪ u} of segments transverse to  and whose
intersection with  is reduced to a point denoted x. We also assume that 0 is disjoint from any
1 ∈s ∪ u, 1 = . Finally, we assume that these segments are pairwise disjoint.
We denote 0’() =’(0). It is a family of pairwise disjoint segments each of them cutting exactly
one element ′ of ′s ∪ ′u transversally and in a unique point x′ .
Corollary 3.3. For any ∈s (resp. u) there is a homeomorphism h : 0 → 0’(), such that, for
any [c]∈ 1(; x), h conjugates the germ of holonomy of Fs (resp. Fu) along [c] to the germ
of holonomy of F′s (resp. F′u) along ’([c]). Moreover one can choose h such that ’−1 ◦ h
preserves the orientation on 0.
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Proof. Notice that  and ′ = ’() are simultaneously either a torus or a Klein bottle. From the
above proposition, there is a homeomorphism h conjugating the homeomorphisms hol and hol′
(moreover one can choose arbitrarily the action of h on the orientations of 0 and 0′). Then the
holonomy of [c]∈ 1() is hol([c]) and the holonomy of [c′] = ’([c]) is
hol′(′([c′]) = (h ◦ hol ◦ h−1 )([c]) = h ◦ (hol([c]) ) ◦ h−1
since ([c]) = ′([c′]).
Remark 3.4. In the case when the elements of u and s are pairwise disjoint, the general theory
of foliations and Corollary 3.3 allows to conclude directly the proof of Proposition 3.1: by a small
modication of ’1 in a small neighborhood of u ∪s, we can build a homeomorphism conjugating
the foliations Fs and Fu to the foliations F′s and F′u. The proof is in this case identical to the
proof of [4, Corollary 3.4].
For this reason, we focus here the proof of Proposition 3.1 on the new problems arising from the
intersection curves between elements of u and s.
3.2.1. Commuting compatible foliations
Lemma 3.5. There are tubular neighborhoods u:U u → u and s:U s → s of u and s, respec-
tively, having the following properties:
1. the intersection U us = U u ∩ U s is a tubular neighborhood of the curves composing s ∩ u.
Furthermore, the projections s and u in restriction to U us commute (that is s ◦ u = u ◦ s)
and the projection us :U us → s ∩ u coincides with s ◦ u = u ◦ s.
2. We denote by Gs and Gu the one-dimensional foliations de?ned on U u and U s by the projections
u and s, respectively. By construction, each leaf of Gs (resp. Gu) is a segment cutting u
(resp. s) at a unique point. We assume that U us is saturated for the foliations Gs and Gu,
that is, a leaf is either disjoint or included in U us.
3. The foliation Gs is tangent to Fs in U us,
4. The foliation Gu is tangent to Fu in U us.
Remark 3.6. We emphasize that the condition of commutation of the projections is restrictive: for
instance, the projections on the components of s and u along the one-dimensional foliations
induced by the one-dimensional f-invariant foliations dened in a neighborhood of the saddles (see
[9]) in general do not posses this property.
Proof. Let us choose arbitrarily a tubular neighborhood  :V → s∩u of s∩u. The intersection
of the bers of  with the two-dimensional foliations Fs and Fu denes two one-dimensional
foliations Gs and Gu in a neighborhood V1 of s∩u included in V . By construction, Gs is tangent
to Fs and Gu is tangent to Fu. Now choose in V1 a tubular neighborhood U us of s ∩ u whose
bers are rectangles whose horizontal lines are leaves of Gs and whose vertical lines are leaves
of Gu.
Finally, denote by u : U us → u the projection along the leaves of Gs. It can be extended into a
tubular neighborhood of s, u :U u → u in such a way that the bers are transverse to the foliation
Fs. In the same way, we dene a tubular neighborhood s :U s → s transverse to Fu.
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Remark 3.7. Up to choosing smaller tubular neighborhoods, we can assume that all points x do
not belong to the neighborhood U us. This will allow us, when extending the neighborhood in the
proof below to choose the leaf of Gs (or Gu) passing through x to coincide with the segment 0.
We denote by U ′s; U ′u ; G′s; G′u the corresponding tubular neighborhoods and foliations for V ′ also
verifying the property stated in the above remark.
3.2.2. Modi?cation of ’ on u ∪ s
Lemma 3.8. There is a homeomorphism < :u ∪s → ′u ∪′s, verifying the following properties:
1. It coincides with ’ out of an arbitrary neighborhood of s ∩ u, on s ∩ u and at each
point x.
2. < is isotopic to the restriction of ’ modulo s ∩ u ∪⋃∈s∪u{x}.
3. The restriction of < to a small neighborhood of s∩u conjugates the one-dimensional foliation
induced by Fu and Gs (resp. Fs and Gu) on s (resp. u) with the one-dimensional foliation
induced by F′u and G′s (resp. F′s and G′u) on ′s (resp. ′u).
4. For each point x∈s ∩ u, let c be a path in s joining x to the base point x. Notice that
c′ = <(c) is a path in ′s joining <(x) to the point x’(). Let hc :Gux → 0 be the germ of
holonomy of the foliation Fs along c and hc′ :G′u<(x) → 0’(), the holonomy of F′s along c′.
Then the restriction of < to Gux agrees, in a neighborhood of x, with h
−1
c′ ◦ h ◦ hc.
5. For each point x∈s ∩ u, let c be a path in u joining x to the base point x. Denote by
c′=<(c) the path in ′u joining <(x) to the point x’(). Let hc :Gsx → 0 be the germ of holonomy
of the foliation Fu along c and hc′ :Gs<(x)′ → 0’(), the holonomy of F′u along c′. Then, the
restriction of < to Gsx coincides, in a neighborhood of x, with h
−1
c′ ◦ h ◦ hc.
Remark 3.9. In the statement of Lemma 3.8 one can equivalently replace the items 4 and 5 by the
following:
4′. For any connected component C of s ∩ u there is a point x∈C and there is a path c in the
component  ⊂ s containing C, which joins x to the base point x, such that the restriction
of < to Gux agrees in a neighborhood of x with h
−1
c′ ◦ h ◦ hc, where hc :Gux → 0 is the germ
of holonomy of the foliation Fs along c, and h′c :Gux′ → 0′ is the germ of holonomy of the
foliation F′s along c′, x′ = <(x), ′ = <() and c′ = <(c).
5′. For any connected component C of s ∩ u there is a point x∈C and there is a path c in the
component  ⊂ u containing C, which joins x to the base point x such that the restriction of
< to Gsx coincides, in a neighborhood of x, with h
−1
c′ ◦ h ◦ hc, where hc :Gsx → 0 is the germ
of holonomy of the foliation Fu along c, and h′c :Gsx′ → 0′ is the germ of holonomy of the
foliation F′u along c′, x′ = <(x) ′ = <() and c′ = <(c).
Proof of Remark 3.9. Recall that for any [a]∈ 1(), the homeomorphism h conjugates the
holonomies of Fs along [a] and the holonomy of F′s along [a′] =’([a]). By hypothesis, <([a]) is
isotopic to [a′] and so, they have the same holonomy. Thus, h conjugates the holonomies of Fs
and F′s along [a] and <([a]). As a consequence, the formula h−1c′ ◦ h ◦ hc does not depend on the
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choice of the path c. The fact that the formula at a point x implies the formula at any point y of
the component C is now easy: we choose a path b joining y to x in C, and as <| conjugates Fu to
F′u, we can push forward the formula at x by the holonomies of the foliation, giving the formula
at y.
Proof of Lemma 3.8. We will build homeomorphisms < s :s → ′s and < u :u → G′u, coinciding
with ’ on s ∩u so that they can be glued together in a homeomorphism < :s ∪u → ′s ∪′u.
Let us explain the construction on a component ∈s: ’ is a homeomorphism from  to ′ (which
are both smooth tori or Klein bottles).  and ′ are endowed with nitely many disjoint closed curves
C (components of  ∩ u) and a one-dimensional foliation Fu dened in the neighborhood of the
curves C which are compact leaves of this foliation. Choose a point xC on each component C and
let C ′ = ’(C) and x′C′ = ’(xC). For each C, let (C) be the corresponding component of u and
x a segment cC on (C) joining xC to x(C); let c′C′ = ’(cC). By construction, h
−1
c′C′
◦ h(C) ◦ hcC
conjugates the holonomy of Fu on GsxC along C to the holonomy of F
′u on Gsx′C′ ′ along C
′; thus,
we can modify ’ by an isotopy in a small neighborhood of C in  just by pushing forward the map
h−1c′C′ ◦ h(C) ◦ hcC on each ber G
s
y, y∈C, by the holonomies of Fu and F′u.
This isotopy coincides with ’ on C and out of an arbitrary neighborhood of C, in particular on
x, nishing the proof.
3.2.3. Modi?cation of ’ in a neighborhood of s ∪ u
The general theory of foliations implies that there is an orientation preserving homeomorphism =s
dened from a neighborhood of s to a neighborhood of ′s, coinciding with < on s, conjugating
the foliations Gu and Fs to the foliations G′u and F′s and coinciding with h on each segment 0.
Moreover, the germ of the homeomorphism =s along s is unique. More precisely, the restriction
of =s to a ber Gux , x∈  ⊂ s, coincides with h−1c′ ◦ h ◦ hc where c ⊂  is a path joining x to x,
c′= <(c) and hc and hc′ are the holonomies of Fs and F′s (on the bers of Gu and G′u) along the
paths c and c′.
In the same way, there is an orientation preserving homeomorphism =u dened from a neighbor-
hood of u to a neighborhood of ′u, coinciding with < on u, conjugating the foliations Gs and
Fu to the foliations G′s and F′u and coinciding with h on each segment 0.
Proposition 3.10. There is a neighborhood of s ∩ u where =s and =u agree.
Lemma 3.11. The map =s restricted to the intersection of its domain with u coincides with <.
Proof. Consider a component C of u∩s and a point x∈C. Let ∈s be the component containing
C, and c a path joining x to x. We denote by C ′; x′; ′; c′ the images by <. Then, =s and < coincide
with h−1c′ ◦ h ◦ hc, where hc and hc′ are the holonomies of Fs and F′s, respectively, along c and c′.
It is not clear that the size of the segment on which they agree with this formula varies continuously
with x. However, both of them conjugates the foliation Fs to F′s and the foliation Gu to G′u on
a neighborhood of C in , so that they coincide in a neighborhood of C in .
Proof of Proposition 3.10. Recall that there is a neighborhood U us of s ∩u on which the projec-
tions u and s on u and s along the leaves of Gs and Gu, respectively, commute. Moreover, a
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point x is uniquely determined by its projections (s(x); u(x)). Let ′s and ′u be the corresponding
projections along the leaves of G′u and G′s. As =s sends Gu onto G′u, it conjugates s with ′s
and in the same way =u conjugates u to ′u.
To prove that =s(x) ==u(x), we have to verify that ′u(=s(x)) = ′u(=u(x)) and ′s(=s(x)) =
′s(=u(x)). Let us show the rst equality (the other proof is identical).
Consider paths a(x); b(x); c(x); d(x) dened as follows: a is the piece of leaf of Gu joining x to
s(x), b(x) is the arc of leaf of Gs joining u(x) with u ◦s(x), c(x) is the arc of leaf of Gs joining
x to u(x) and d(x) is the arc of leaf of Gs joining s(x) with s ◦ u(x).
Denote x′s ==s(x). As =s conjugates Gu to G′u, the arc =s(a(x)) is the segment of leaf of G′u
joining x′s to ′s(x′s). On s, the map =s coincides with < and so it conjugates Gs to G′s. So the
image of b(x) is the segment b′(x) of leaf of G′s joining ′s(x′s) to ′u ◦ ′s(x′s).
Consider the rectangle R(x) obtained as the union of the segment of leaves of Gu joining the
points of c(x) with the point of b(x): a(x) and d(x) are the vertical sides and b(x) and d(x) are
the horizontal sides. R′(x) = =s(R(x)) is some rectangle; as =s conjugates Gu with G′u, R′(x) is
obtained as union of segments of G′u having an extremity on b′(x). Moreover, =s conjugates Fs
with F′s so that the other extremity of this segment is on the leaf of F′s passing through x′s. So we
get that the image =s(c(x)) is the segment of leaf of G′s joining x′s to ′u(x′s). As a consequence,
′u(=s(x)) ==s(u(x)) = <(u(x)) ==u(u(x)) = ′u(=u(x)):
Recall that =s = < on a neighborhood of s ∩ u in u (Lemma 3.11) and that is what we an-
nounced.
As a consequence of Proposition 3.10, there exists a neighborhood U u (resp. U s) of u
(resp. s) contained in the domain of denition of =u (resp. =s), such that =u and =s agree
on U u ∩ U s and such that the following map = is well dened on U = U u ∪ U s:
=(x) ==u(x) if x∈U u and =(x) ==s(x) if x∈U s:
Notice that = is an embedding of U which conjugates the foliations Fu and Fs to the foliations
F′u and F′s, respectively.
3.3. End of the construction of ’1
In order to end the proof of Proposition 3.1, we have to show:
Proposition 3.12. There is a homeomorphism ’1 coinciding with ’ out of an arbitrary neighbor-
hood of u ∪ s and with = in a small neighborhood of u ∪ s.
3.3.1. Extending = to the whole manifold
The proof of this proposition uses a general result of topology, together with the following lemma.
Lemma 3.13. Consider the map  =’−1 ◦= which is an embedding of the neighborhood U of the
union s ∪ u in M.
There is a neighborhood U1 of s ∪ u on which  is isotopic to the identity by an isotopy  t
such that  t(s ∪ u) = s ∪ u for all t ∈ [0; 1].
C. Bonatti et al. / Topology 43 (2004) 369–391 387
Proof. The proof uses classical techniques, so that we only give the arguments and avoid technical
parts.
The rst step consists in building a neighborhood U1 ⊂ U of u ∪ s foliated by two foliations:
one, L1, is one-dimensional and transverse to u ∪ s; the other, denoted L2, is two-dimensional,
transverse to L1 and u ∪ s is a leaf of this foliation. We also assume that the boundary of U1
is a union of leaves of L2. This is achieved by nding a function > :U1 → R such that > is 0 on
u ∪s and 1 on @U1, 0 is the only singular value of >, and at a point x∈u ∪s there exist local
coordinates (x1; x2; x3) such that >= x21 if x ∈ u ∩s and >= x21x22 if x∈u ∩s. Then the foliation
L2 is made of the connected components of the level surfaces of > and the gradient vector eld
is tangent to the leaves of L1. Thanks to the choice of the function >, we have that the projection
along L1 restricted to each leaf of L2 is locally injective, and any path in u∪s which is disjoint
from, or entirely contained in u ∩ s admits a unique lift to a given leaf of L2 (given a starting
point).
Now recall that ’−1 ◦ < is by construction isotopic to Identity, let us denote ?t such an isotopy
(?0 = Id and ?1 =’−1 ◦<.). For each point x∈u∪s, {?t(x); t ∈ [0; 1]} is a path in u∪s either
contained in u ∩ s or disjoint from this set. We dene a map  ˜ on U1 in the following way:
let y∈U1, then  ˜ (y) is the endpoint of the lift to the leaf of L2 passing through y of the path
{?t(x); t ∈ [0; 1]}, where x is the projection of y along L1. Then  ˜ is a homeomorphism which is
isotopic to Identity by construction. Furthermore,  ˜ and  agree on u ∪ s.
The following step is to show that  ˜ is isotopic to  . Consider g =  ◦  ˜ −1: this map is an
embedding of U1, isotopic to  (since  ˜ is isotopic to Identity) and g is the Identity on s ∪ u.
Moreover g preserves the orientation. Let Ut = >−1([0; t]), there exists a continuous one-parameter
family h0 = Id, ht :U1 \ Ut → U1 \ u ∪ s, t ∈ ]0; 1[ which preserves each leaf of L1 and lets L2
globally invariant and tends to Identity when t goes to 0. We then dene the isotopy gt =h−1t ◦g◦ht
on U1 \Ut and gt = Id on Ut . The continuity on @Ut derives from that g= Id on u ∪s. It follows
that g is isotopic to Identity in a neighborhood of u∪s by an isotopy xing each point of u∪s.
Then  ˜ is isotopic to  in a neighborhood of u∪s by an isotopy xing each point of u∪s.
3.3.2. A general property for extending local homeomorphisms
The following result of topology (see [6, Theorem 5.1]) is a general property for extending local
homeomorphisms. We recall it in the version given by [5, Lemma, p. 107]:
Theorem 3. Let M be a manifold, C a compact subset of M, V a compact neighborhood of C and
+¿ 0. Let E denotes the space of all embeddings ’ :V → M , with the sup-norm topology. Then
there is a neighborhood P ⊂ E of the inclusion IdV :V → M , there is a homotopy )t :P → E and
a compact neighborhood W of C in the interior of V such that for ’∈V , if we denote ’t =)t(’):
1. ’0 = ’;
2. (IdV )t = IdV for all t;
3. ’1|C coincides with the identity;
4. d(’t; ’)¡+ for all t ∈ [0; 1];
5. ’t|V \W coincides with ’ for all t ∈ [0; 1].
We will use the following corollary of this theorem.
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Corollary 3.14. Let M be a compact manifold and C ⊂ M a compact set and V a compact
neighborhood of C. Let ’ :V → M be an embedding such that there is an isotopy ’t from
IdV = ’0 to ’ = ’1 to such that ’t(C) = C for all t ∈ [0; 1]. Then there is a homeomorphism  
which coincides with ’ in a neighborhood of C and with the identity on a neighborhood of the
boundary @V of V.
Proof. Denote by  s; t = ’−1s ◦ ’t , s; t ∈ [0; 1]. Each map  s; t is an embedding on a neighborhood of
C and the family of those maps varies continuously with s and t. It follows that there is a compact
neighborhood V0 of C on which all the maps  s; t are dened, and so they form a compact continuous
subset of the set E of all embeddings of V0 in M .
Fix C0 a compact neighborhood of C ⊂ Int(V ), so that V0 is a compact neighborhood of C0. Let
W ⊂ Int(V0) be a compact neighborhood of C0, and let P ⊂ E be the neighborhood of Id|V0 and
)t :P → E the homotopy given by Theorem 3 applied to C0 and V0.
Consider 2¿ 0 such that  s; t ∈P if |s − t|6 2. Choose t0 = 0¡t1 ¡ · · ·¡tk ¡ tk = 1 such that
ti+1 − ti ¡2. Consider  i = )1( ti+1 ;ti), i = 0; : : : ; k. According to Theorem 3,  i is an embedding of
V0 in M , agreeing with  ti+1 ;ti out of W and with the identity on C0.
Denote
Bi =  −1i ◦  ti+1 ;ti :
It is an embedding of V0 in M , coinciding with the identity on V0\W and with  ti+1 ;ti on  ti+1 ;ti(C0)∪C0
which is a neighborhood of C (because  ti+1 ;ti(C) = C).
Now consider the product
B =Bk ◦Bk−1 ◦ · · · ◦B0:
B is an embedding of V0 coinciding with the identity on V0 \ V and with  tk+1 ;tk ◦  tk ;tk−1 ◦ · · · ◦
 t2 ;t1 ◦  t1 ;t0 in a small neighborhood of C. Using the denition of  s; t and the fact that ’ti(C) = C,
one gets that this product coincides with ’t+1 = ’ in a small neighborhood of C, concluding the
proof.
The proof of Proposition 3.12 follows from applying Corollary 3.14 to the map  = ’−1 ◦ =,
which is isotopic to identity (Lemma 3.13).
4. Examples: gradient like di+eomorphisms of S3 without adapted minimal Heegard splitting
Let 1 ⊂ S2 × S1 and 2 ⊂ S2 × S1 be two embedded circles, whose homotopy class is 1∈Z =
1(S2 × S1). We assume that the knots dened by 1 and 2 are not trivial, that is neither 1 nor 2
is isotopic to a circle {x} × S1.
Denote by 1 and 2 the identity map from Z= 1(S2 × S1) to Z. Then 1(1) = 2(2) = 1
Denote by T1 and T2 the boundaries of tubular neighborhoods of 1 and 2, respectively, and
denote by V1 and V2 the complement of the interior of these tubular neighborhoods. Let ’ :T1 → T2
be a di#eomorphism such that ’∗(1) = 2, and consider the manifold V obtained by gluing V1 and
V2 along T1 and T2 by ’. Notice that 1 and 2 induce a cohomology class ∈H 1(V;Z), and T1 and
T2 induce a torus T embedded in V such that  does not vanish on T . Let T s ⊂ V1 and T u ⊂ V2
be the connected components of the boundary of some tubular neighborhood of T .
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Lemma 4.1. With the notations above, the scheme S= (V; ; s = {T s}; u = {T u}) is the global
scheme of a Morse–Smale di>eomorphism fS : S3 → S3, without heteroclinic points and curves,
and whose non-wandering set consists in exactly two sinks a1 and a2, two sources o1 and o2, one
saddle s1 with Morse index 1 and one saddle s2 with Morse index 2.
Moreover, if we let W u = W u(s1) ∪ {a1; a2} be the closure of the one-dimensional unstable
manifold of s1 and W s = W s(s2) ∪ {o1; o2} the closure of the one-dimensional stable manifold of
s2, then there is no 2-sphere S embedded in S3 separating W s from W u.
Proof. By construction, S is a perfect scheme and Theorem 1 asserts that it is the global scheme of
some gradient-like di#eomorphism fS. As T s ∩ T u = ∅, the di#eomorphism fS has no heteroclinic
curves.
The image (1(T s)) is Z so that the saddle orbit whose stable manifold correspond to T s is
the unique saddle xed point of index 1 of fS and we denote it s1. The arguments in Section 2.4
show that each connected component of V \ T s corresponds to the basin of one periodic source.
Moreover, the image by  of the fundamental group of theses connected components is the period
of the corresponding sources, so that fS has exactly two xed sources.
The same argument shows that fS has exactly one saddle s2 of index 2 and two xed sinks. Then
the formula given by Bonatti et al. [3] and recalled in the introduction implies that the underlying
manifold of fS is S3.
It remains to prove that there is no sphere S embedded in S3 separating W s from W u. Assume,
by contradiction, the existence of such a sphere S. As S3 \W s ∪W u is the cyclic covering V of V ,
S is included in V and each component of V \ S is unbounded (its closure in V is not compact).
It implies that, for the innite cylinder T whose projection is T in V , S ∩ T disconnects the two
ends of T. Up to making an isotopy of S, we can suppose that it is transverse to T so that T ∩ S
contains an essential curve in the cylinder T. Classical arguments of topology show that in this
case there is a disk D in V whose interior is disjoint from T and whose boundary is an essential
curve in T. So the projection of the disk D in V is a disk D1 whose interior is disjoint from T
and whose boundary is a non-zero homotopic curve in T on which  vanishes. Then D1 is included
in one of the components V1 or V2 of V , say V1.
By the classical Loop Theorem and the Dehn Lemma (see for example [8, Loop Theorem, p. 2]),
there is an embedded disc D in V1 whose interior is disjoint from T and its boundary is a non-trivial
loop in T .
Recall that V1 is the complement of a tubular neighborhood of 1. Thus, D is a disc embedded in
V1 whose boundary is a meridian of T . Cutting T along this disc and adding two copies of D we get
an embedded sphere in V1. Notice that this sphere is disjoint from 1 so that it is zero in homology.
Then, by Bonatti et al. [1, Lemma 3.1], this sphere bounds a ball B in S2× S1. Notice that this ball
cannot contain 1, so that it is contained in V1. One deduces that V1 is obtained by identifying two
discs of the boundary of a ball and so is homeomorphic to a solid torus. This contradicts the fact
that 1 was assumed to be a non-trivial knot, and this contradiction nishes the proof.
Remark 4.2. 1. One easily veries that W s and W u admit disjoint neighborhoods which are handle-
bodies.
Then, one can prove that two disjoint handlebodies in a compact orientable manifold can always
be separated by a Heegaard splitting of the manifold: for that it suRces to consider a Morse function
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h constant on the boundary of the handlebodies, such that one handlebody contains only maxima
and saddles of index 2 and the other contains minima and saddles of index 1. Then consider the
gradient vector eld X of h, and up to making small perturbations, it is possible to assume that it
is Morse–Smale. Then, we can separate all the sources and saddles of index 2 from the sinks and
saddles of index 1 by a Heegard splitting, as explained in the introduction of this paper.
2. To the contrary to examples in [1] where we proved that one separatrix of the saddle has to
be unknotted, in the example above both saddles have both separatrices which are (wildly) knotted.
5. Di+eomorphisms without heteroclinic intersections: from global schemes to local schemes
In a previous paper [4], we considered Morse–Smale di#eomorphisms on 3-manifolds which have
no heteroclinic intersections (neither curves nor points). We constructed local invariants of topolog-
ical conjugacy classes of those di#eomorphisms. In a following paper [2], we found that by adding
to these local invariants some gluing rules, we get a necessary and suRcient condition of topological
equivalence of Morse–Smale di#eomorphisms without heteroclinic intersections. In this section, we
want to explain the nature of these invariants and of the gluing rules and show how they are related
to the complete invariant given by the global scheme.
5.1. Local schemes at an attracting or repelling orbit
Let f :M → M be an orientation preserving Morse–Smale di#eomorphism without heteroclinic
orbits, and let ! be a periodic attracting orbit of f and denote by k the period of !. We denote by
4i the set of saddle orbits of f having a i-dimensional unstable manifold.
The fact that f has no heteroclinic curve implies that, for 0∈42 the punctured unstable manifold
W u(!) \ ! is either disjoint from W s(!) or included in it. In the same way for any 0 in 41 any
connected component of W u(0) \ 0 is either disjoint or contained in W s(!) \ !.
As it is shown in [1,3] the quotient space
V! = (W s(!) \ !)=f
is di#eomorphic to S2 × S1. We x the cohomology class ! such that any path joining x to fk(x)
in W s(!) \ ! projects in a closed path c ⊂ V! such that !(c) = k, that is !(1(V!)) = kZ.
Then the projection in V! of all the invariant unstable manifolds or separatrices contained in
W u(!) \ ! is a collection of disjoint embedded tori or Klein bottles (denoted by u!) and curves
(denoted by Cu!), and the cohomology class ! is non-zero on each of these components.
Denition 5.1. The scheme S! = (V!; !; u!;C
u
!) is called the local scheme of f at !.
One denes in the same way the local scheme S> at a repelling orbit > of f.
5.2. From the global scheme to the local schemes
In Section 1.1, we dened the “cut and squeeze” operation of the underlying manifold V of a
scheme S= (V; ; u ; s) along a subfamily s0 ⊂ s. Using the fact that the meridians of the solid
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tori glued by this operation correspond to paths in the kernel of , one veries that  induces a
cohomology class i on each connected component Vi of O(V; s0), and this form does not vanish
on the cores of the attached solid tori. We denote Csi the family of cores of these solid tori in Vi.
The other elements in s1 = 
s \ s0 are disjoint from those in s0 so that they induce a family of
tori or Klein bottle in O(V; s0), and we denote 
s
1; i the family of those which are included in Vi.
By hypothesis, in this section we consider the case where s ∩u = ∅ so that the family u induces
a family of tori or Klein bottles in O(V; s0), and we denote by 
u
i the family of those included in
Vi. Finally, for each component Vi, (Vi; i; ui ; 
s
1; i ;C
s
i ) is a scheme Si which is well dened up to
scheme equivalence. We denote
O(S; s0) =
∐
i
Si :
Then the proof of Proposition 2.7 and Lemma 2.8 can be easily adapted to prove.
Theorem 4. Let f be an orientation preserving Morse–Smale di>eomorphism without heteroclinic
intersections, and let S= (V; ; u ; s) be the global scheme of f. Denote by A and R the sets of
attracting and repelling (respectively) orbits of f.
Then
O(S; s) =
∐
!∈A
S!
and
O(S; u) =
∐
>∈R
S>:
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